In this paper, we will compute asymptotically the eigenfrequencies for the in-plane vibrations of the general non-collinear Euler-Bernoulli beam equation with dissipative joints. Many different kinds of dampers are allowed, even within the same structure. This generalizes a previous result for collinear structures.
Introduction.
In the construction of large space structures, such as a large communication satellite or a space platform, different types of damping devices are commonly installed at the joints of the beams to suppress the vibrations. Without these damping devices, or dampers, small vibrations in the structure would persist indefinitely, or even slowly build up, which could lead to disastrous results. The joint and the damper together form what is called a dissipative joint. The structural stability of such a configuration of beams depends on the natural vibrations of that structure.
Determining how well these vibrations are suppressed involves careful analysis. For NASA's proposed space platform, as many as 40 beams are required in order to make construction possible (information obtained at a NASA workshop).
Finding the exact values of the eigenfrequencies generally involves solving a highly complex transcendental equation. Thus, we will need to use asymptotics to find the first-order solutions. We will use the coupled beam structure, since it is the easiest type of structure to model mathematically.
This structure is a chain formed by linking together two or more beams end to end, not necessarily collinearly. For now, we will work only with two-dimensional structures to find the in-plane vibrations, with hopes of extending this process to three dimensions in the future. 2 . General background.
The Euler-Bernoulli beam equation, rriytt + EIyxxxx = 0 with 0 < x < L and t > 0, is a standard mathematical model for a slender beam. Here to denotes mass density per unit length, and EI is the flexural rigidity of the beam. Appropriate boundary conditions and initial conditions will ensure a unique and stable solution [12] . Separation of variables can immediately be employed, giving y(x,t) = T{t)<t>{x), mT" = EIX2T, 4>"" + x2^ = o.
The boundary conditions for the ends of the beam determine the eigenfrequencies A. Each eigenfrequency has an associated eigenfunction <p\j (x). The initial conditions can be decomposed into a linear combination of the eigenfunctions using an appropriate Green's function [12] . Thus, the problem is solvable provided that we can find the eigenfrequencies.
In [5, p. 1668] , the case was considered in which two identical beams were linked together at an angle of 180 degrees by a certain type of dissipative joint, with one end of the structure fixed, and the other end free. Linear approximations were made for the angle displacement.
Also, to and EI were assumed to be constant throughout the structure. In spite of these simplifications, the equations governing the eigenfrequencies were highly complex. However, they could be analyzed asymptotically by removing those terms that were small if the magnitude of the eigenfrequency was large. The spectrum of this structure was shown to be given by two sequences, or "streams" of eigenfrequencies, Afc ~ y/EI/m(4kiT -7r)2 -EIfel Cl°2 i and Afc ~ yjEI/m(Akir + it)2 as k -* oo.
Here, fci,fc2,Ci, and c2 are constants that depend on the damper in the joint. In [13] the spectrum of the general n-beam collinear structure with the same assumptions was shown to have n streams of eigenfrequencies, each of which lie asymptotically on a vertical line. This paper allowed three other designs of dissipative joints, and even different types of dampers within the same structure.
The four types of dampers possible for collinearly connected beams are as follows, as mentioned in [5, p. 1667] .
Type I: No external forces act on the joint, while the displacement vector and the beam coupling angle can change during dynamic vibrations.
Type II: The displacement vector is continuous across the joint, while the beam coupling angle can change. External forces may act on the joint, but only those that do not add a torque force.
Type III: The displacement vector and beam coupling angle are rigid, while any type of external force is allowed.
Type IV: The beam coupling angle is rigid, while the displacement vector can be discontinuous.
The total external forces acting on the joint must be zero, but a torque force may remain. The work in [13] also revealed a new way to compute the eigenfrequency "streams". For each beam in the structure, a 2-by-2 matrix was constructed containing the information about the length of the beam, and the type of damper at the end of that beam. These matrices then were multiplied together, including a fixed l-by-2 matrix on the left and a 2-by-l matrix on the right, to form a scalar function. The zeros of this function were the asymptotic approximations of the eigenfrequencies. However, this work only applied to collinearly coupled beams.
In a private communication with Chen and West, a specialized non-collinear 3-beam structure was analyzed, with the beams meeting at 90 degree angles with type III dampers at the joints, and the two ends of the structure fixed (see Fig. 1 ). Obtaining the equation for the eigenfrequencies involved taking the determinant of a 12-by-12 matrix. Using the Legendre-Tau spectral numerical method, the first few hundred eigenvalues could be computed, demonstrating that at least six streams of eigenfrequencies could be detected. From this, it was clear that if there was a method for solving the eigenfrequencies using matrices, as in [13] , the matrices would have to be more complicated. Later, Chen, along with Zhou [9] , studied the vibrating string by decomposing the vibration waves into incident, reflected (including transmitted), and evanescent waves. By using the equations on how these waves were propagated, the eigenfrequencies could be computed. It was mentioned in this paper that the same method, called the wave propagation method (WPM), could be used for the Euler-Bernoulli beam equation, and one collinear example was given. This simplified the process, but some kind of asymptotics was still needed to solve the equations.
3. Fundamental ideas. In this paper, we will find a way to use matrices to determine asymptotically the in-plane vibrations for general non-collinear structures. That is, we will consider planar structures of n-beams, with dampers between the beams, as in Fig. 2 (see p. 440 ).
We will let yi{x, t), 0 < x < lj, t > 0 denote the transverse displacement function of the jth beam. Since these are Euler-Bernoulli beams, the y^'s satisfy the PDE's d2 d4
Here, we use superscripts instead of subscripts to ease the notation of partial derivatives. We will make three simplifying assumptions for this model: (HI) We will only consider vibrations in the plane of the frame. (H2) The beams are essentially non-compressible, that is, the change of length of the beams due to the forces exerted at the ends is negligible. (H3) Forces exerted on a beam in the direction parallel to the length of the beam are propagated in a negligible amount of time. Because of assumption (H2), the longitudinal displacement is independent of the position within a given beam. Thus, we can denote the longitudinal displacement of the jth beam by z3{t). Also, because of assumption (H3), the longitudinal force of a given beam depends only on time; so we can let H3 (t) denote the longitudinal force of the jth beam. Assumptions (H2) and (H3) together say that the longitudinal stiffness of the beams becomes "infinite". This is a common approach to structure problems and, in fact, is the basis of the displacement-stress approach for plates [10, p. ) dx.
So the total energy of the system is given by
Since the dampers are energy-dissipating, the rate of change of energy should always be negative. We can compute this change to bê £(0 = YlJ0 myiyit+m44t+Eiyixyixt dx- -EIyli(Q,t)ylx(0,t) + EIy}(0,t)yJxxx(0,t).
Because of assumption (H3), we have that
Hence, we can replace the term mljz3t(t)zjtt(t) by HJ (lj, t)z{ (t) -//'(0, t)zf (t). We can also regroup the terms according to their position in the structure, giving Jtm = 0l (0, t)Ml(0, t) -y\ (0, t)V1 (0, t) -H\0, t)z\ (t) -8?(ln, t)Mn(ln, t) + y?(ln, t)Vn(ln, t) + Hn(ln, t)z?(t)
If the beginning or end conditions are either free or clamped, the first six terms will be zero. The change in energy at each joint must be non-positive; so we have that
One of the most important ideas needed to simplify the amount of calculations required for a given structure is to find a convenient basis for the propagating waves. Classically, the basis is chosen by letting the transverse displacement be y{(x,t) = {Aje^ + BjeiTIX + C3e'^x + JD,e"iT'3:)eAt^7^.
However, we will find it convenient to consider another basis, using the following new functions:
cosh ( H{(0,t) = F3EIrf>ext^lEllrn.
Here, r) = so that A = irf.
Another simplification is, rather than letting each matrix represent all of the information about one beam, including the angle between the beams and the type of damper at the end, we will let each matrix represent one element of the structure, such as a beam length, an angle between two beams, or a damper. For example, the above example by Chen and West could be described by the following:
Begin with a clamped end. Finish by clamping the end.
Each line in the description will be represented by a separate matrix. So, in this case, there will be 9 matrices to multiply together.
Although there are more matrices to multiply, each matrix will be simpler, sometimes even sparse.
We must consider how many different types of dampers there will be for non-collinearly coupled beams. For any given damper in the structure, either the transverse displacement or the shear force will be continuous. Likewise, either the longitudinal displacement or the longitudinal force will be continuous, and either the rotation or the bending moment will be continuous. Thus, there will be eight possible dampers for non-collinearly coupled beams, given by the following table:
Type Continuous variables Discontinuous variables I V, M, and H y, 9, and z II y, M, and z V, 0, and H III y, 9, and z V, M, and H IV V, 9, and H y, M, and z V y, M, and H V, 9, and z VI V, 9, and z y, M, and H VII V, M, and z y, 9, and H VIII y, 9, and H V, M, and z
The designs for types I, III, V, and VI are given in [5] . Also, a damper of type VII or VIII could be thought of as turning 90° to the right, which exchanges the transverse and longitudinal displacement, adding a type V or VI damper, respectively, and finally turning 90° to the left. Therefore, we only need to consider dampers of type I through VI. 4 . Wave propagation matrices. We need to determine how a wave of the form (3.4) would propagate through the structure. We will do this by first finding the equations associated with each element of the structure. These then are converted to matrices that represent how the vector v = (Aj, Bt, Ci, Dt, Et, F{) is transformed by that element.
We begin by considering the two ends of the structure. When the beginning end of the first beam is fixed, the boundary conditions are given by yl(0,t) = yl(0,t) = z*(t) = 0. Likewise, when the terminal end of the last beam is free, the boundary conditions are yxx(ln,t) = yxxx(ln,t) = Hn(t) = 0. Should the terminal end of the last beam be fixed, as in the example by [8] , these boundary conditions are replaced by yn(ln, t) -yx(ln, t) = zn{t) = 0.
The boundary conditions at each dissipative joint will depend on the type of damper involved. Figure 3 (see p. 444) demonstrates a type III damper, which is the easiest to design. A single dashpot with a damping coefficient of Kj is attached to the joint at a distance of rj from the center of the joint. The angle from the next beam to the dashpot is given by 7. If we draw a line from the point of contact of the dashpot to the center of the joint, the angle from the dashpot to this line is given by 8r
The boundary conditions for this damper can now be computed. We will consider only linear approximations to the angle displacement. The displacement vector and rotation are continuous across the damper, giving us three of the six boundary equations: i3r-7+1(0, t) = W (lj,t) 4-bVmEIyj (lj,t) + dVrnEIzj (t) + eVmEI0{ (lj,t),
For a general damper of type III with more than one dashpot, the boundary conditions will still be the same, except that the constants a,b,..., f will be the sum of the corresponding constants for each dashpot. However, there still will be conditions that govern these constants, determined by the restriction that the damper is energy dissipative.
To determine this restriction, we substitute the six boundary equations into (3.3). We find that the rate of change of energy across the damper is given by
Since the damper is energy-dissipating, the rate of change of energy across the damper must be non-positive.
Thus we have that the matrix is a positive symmetric matrix, i.e., wLjw' > 0 for all vectors w € R3. will be an eigenfrequency of the structure. At this point, the work we have done is similar to the wave propagation method in [9] . We are essentially determining how six different types of waves are propagating through the structure, but the WPM is disguised in this setting because of our unusual basis. Yet this basis will help us later in taking the asymptotic estimates.
Asymptotic
estimates. So far, we have found a way to compute the exact eigenfrequencies of the linear equations. However, for any nontrivial structure, the roots of the determinant in (4.2) will be almost impossible to obtain. Thus, asymptotic approximations seem reasonable. To solve for rj to a sufficient degree of approximation, we will need to estimate (4.2) to the highest two orders of r), as seen in [5] .
Unfortunately, the highest orders of -q cancel as we take the determinant of G. Rather than trying to keep even more orders of 77, we will try a different approach. We would like to be able to take the determinants of each matrix, causing the highest powers of rj to cancel before they were multiplied together. We can do this, by converting to larger matrices.
We can think of a 6-by-6 matrix as a linear function F* : Vg -* Vq. This induces a linear map on the set of all tensors F* : T(Ve) -> T(Vq). In particular, F* maps every alternating covariant tensor of order 3 onto itself; thus, (T2 -UW  TW -UV TV -U2  W2 -TV VW -TU  V2 -UW \  TU -VW T2 -V2 TW -UV TW -UV  W2 -U2 VW -TU  TV -W2  TU -VW T2 -UW  UW -V2 TW -UV TV-U2  U2 -TV  TU -VW UW -V2 T2-UW TW -UV W2 -TV  UV -TW  U2 -W2 TU -VW TU -VW  T2 -V2 TW -UV  \V2-UW  UV -TW TV -W2 U2 -TV TU -VW T2 - There is a method to all of this madness. Before, we had to keep many orders of 77 to insure just one order of 77 after taking the determinant. Now, we can approximate these matrices to find the first two orders of 77 easily.
Since the complex conjugate of any eigenfrequency is another eigenfrequency, we will only consider eigenfrequencies A with nonnegative imaginary part. Also, the real part of A must be non-positive, since the dampers are all dissipative. Ignoring the false solution A = 0, we have that 7t/2 < arg(A) < ir.
Since A -ir/2, 0 < arg(?7) < 7r/4. We can use this to take estimates on the exponential powers of 77. For example, elri ellr* as |?7| -> 00. If we let x = elr>, then we can get the first two orders of 77 by using the following for j\rjensth (after multiplying by 2xl 2xl 2xl\ 2xl 2xl 2xl 2xl 2xl 2xl 2xl 2xl \ 2xl 2xl 2xl 2xl) and
+l-i J \ +1 + ?
(
We can also simplify iVj through N^1 a bit by considering only the last two orders of rj. In each instance, there may be up to three cases per type of damper.
The type I damper has three possibilities: either r = ad -b2 ^ 0, r = 0 but a + d ^ 0, or a -d = 0. This determines whether the highest power of r/ in TVj is 3, 2, or 1. We refer to the three possibilities as type la, type lb, and type Ic dampers. The simplified matrices are given as iVja,7Vjb, and Njc.
The type II damper must have an rf term. So there is only one way it could reduce. We refer to the simplified matrix as TV]1, which contains the terms of Nj1 of order r/2 and 7?3.
The type III damper has two cases, one in which / ^ 0, which we call a type Ilia damper, and one in which / = 0, called a type 111b damper. Note that in a type 111b damper, c and e must also be 0, because of (4.1). We refer to the simplified matrices as iVjIIa and iV™b.
The type IV damper will have three possibilities, depending on whether the matrix L is of rank 3,2, or 1. The three cases will be called type IVa, type IVb, and type IVc respectively. The corresponding simplified matrices will be iVjVa,7Vjvb, and ArjVc. To compute the positions of the streams of the eigenvalues we proceed as in [13] . If the lengths are all integers, we can divide ( In order to get A = irj2 to first order, we need to solve (5.2) to second order in rj, where x = e"1. To first order, x ~ r, where r is a root of f(x) = 0. This gives r\ ~ -i log |r| + arg(r) + 2kn, where k is an integer. We need one more order of 77. So let us suppose that Proof. Because the leading coefficient has the same magnitude as the constant coefficient, the product of all the roots of f(x) must have magnitude 1. So if any root does not have magnitude 1, there will be some root for which |r| > 1. Then there would be a sequence of solutions Afc to l^l = 0 such that Re(Afc) ~ log|r|\/Afc as Afc -> 00. But log |r| > 0; so the real part of these eigenvalues would be positive. Moreover, the approximations we made from S to S are valid for | -7 < arg A < n for some 7 > 0, as shown in [13] . Thus, |G| = 0 would have a sequence of eigenfrequencies with positive real part. But this contradicts the fact that the dampers were chosen to be dissipative. Thus, parabolic streams will not exist. □ Theorem 6.2. For any configuration of the beams, and any combination of dampers, the roots of f(x) will all have magnitude 1. Thus, the eigenfrequencies will approach a finite number of streams, each lying asymptotically to a vertical line.
Proof. Let us first suppose that all beams are of integer length, so that f(x) is a polynomial. Prom the above lemma, it is enough to show that the leading coefficient of f(x) has the same magnitude as the constant coefficient. We will prove this by observing some patterns in the matrices Nj. Notice that for each entry in 7Vjength, the leading coefficient in x is the complex conjugate of the constant coefficient. We can express this relationship by the equation For the damping matrices, only the highest order of 77 will contribute to f(x). As long as the matrix is either purely real or purely complex to the highest order of r/, we will have
This is the case when the damper is of type la, lb, Ic, II, Ilia, Illb, IVa, Va, Vb, Via, or Vic. The only exceptions are types IVb, IVc, and VIb. We will deal with these three cases later.
Because of these patterns in the matrices, as long as there are no dampers of type IVb, IVc, or VIb, we have that
where d is the degree of /(x). Prom this, we can conclude that the leading coefficient of /(x) is plus or minus the complex conjugate of the constant coefficient. Thus, they will have the same magnitude. Even though the matrices for the type IVb, IVc, and VIb dampers are not purely real or purely complex, the above pattern will be maintained after the matrix is multiplied on both sides by ,/Vlength. The details are as follows.
Because for this setting we are only interested in the leading and constant coefficient in x, we can replace jv|enst by a simpler matrix, /0 jylength B B 0\°/ Any time there is a damping matrix, it will be between two length matrices. However, there may be an angle matrix multiplied either before or after the damping matrix. Thus, the most general format for which the damping matrix could appear is of the form P = Nl.Ifh .
3. ^damper • N£fle • jvje+nf h.
What is interesting is that, even though Njamper is neither purely real nor purely complex for dampers of type IVb, IVc, or VIb, the entire product in (6.1) still satisfies x21*-*21 *+2P(l/x) = P(x).
This has been verified with MATHEMATICA. Thus, the leading coefficient of f(x) will still have the same magnitude as the constant coefficient, even when dampers of type IVb, IVc, and VIb are involved. Finally, there is the case where one or more of the beams have irrational length. We can approximate this case to arbitrary precision in the case for which the beam lengths are rational.
Since the roots of the equation f(x) = 0 have magnitude 1 for all such approximations, and f(x) depends continuously on the parameters li,h, -ln, then all solutions to f(x) = 0 must have magnitude one when the beam lengths are irrational. □
7. An example. We now can use the large matrices to find the approximate eigenfrequencies of Fig. 1 . The two dampers are both of type Illb, and we will let the matrix Lj, which describes the dampers, be given by These results agree with the eigenfrequencies given in [8] . Notice that three of the six streams lie on the imaginary axis, making it appear as though there were only four streams of eigenfrequencies. The following Much of the work in this paper required the use of the symbolic manipulator MATHE-MATICA running on a SUN Microsystems workstation for the computation of the large matrices.
Although this paper analyzes a linear model of a physical system, the experimental data cited in [5] and [6] indicate that this model is an accurate one. However, we still are only considering vibrations that occur within the plane. Hopefully, analysis for structures that do not lie in a plane can be done using a similar technique, and this will be treated in a future work.
